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Non-Hermitian Hamiltonian approach to the microwave transmission through one- dimensional
qubit chain
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1Novosibirsk State Technical University, Novosibirsk, Russia
(Dated: October 8, 2018)
We investigate the propagation of microwave photons in a one-dimensional open waveguide interacting with
a number of artificial atoms (qubits). Within the formalism of projection operators and non-Hermitian Hamil-
tonian approach we develop a one-photon approximation scheme for the calculation of the transmission and re-
flection factors of the microwave signal in a waveguide which contains an arbitrary number N of non-interacting
qubits. We considered in detail the resonances and photon mediated entanglement for two and three qubits
in a chain. We showed that in non Markovian case the resonance widths, which define the decay rates of the
entangled state, can be much smaller than the decay width of individual qubit. It is also shown that for identical
qubits in the long wavelength limit a coherent superradiant state is formed with the width being equal to the sum
of the widths of spontaneous transitions of N individual qubits. The results obtained in the paper are of general
nature and can be applied to any type of qubits. The specific properties of the qubit are only encoded in the two
parameters: the qubit energy Ω and the rate of spontaneous emission Γ.
PACS numbers: 42.50.Ct, 84.40.Az, 84.40.Dc, 85.25.Hv
I. INTRODUCTION
One-dimensional (1D) waveguide-quantum electrodynam-
ics (QED) systems are emerging as promising candidates for
quantum information processing motivated by tremendous ex-
perimental progress in a wide variety of solid state systems
with imbedded artificially designed atoms- qubits [1–4]. Con-
fining the microwave field in reduced dimensions such as 1D
waveguide and taking account of the enormous dipole mo-
ment of artificial atom the photon qubit interaction can be
strongly enhanced as compared with open 3D space [5, 6].
In recent years one of the basic type of these physical systems
has been realized in solid state setups where qubits were on
chip coupled to microwave cavities [7]. An important advan-
tage of these systems is that the qubits can be placed within
the photon field confined in a microwave cavity at fixed pre-
determined positions at separations on the order of relevant
wavelength. Moreover, unlike the real atoms, qubits are in-
trinsically not identical due to technological scattering of their
parameters. It is also important that the excitation energy of
every qubit in a chain can easily be adjusted by external cir-
cuit.
The experimental investigation of these systems is based
on the measurements of the transmitted and reflected signals
with their properties being dependent on the quantum states of
every qubit in a waveguide. Up to now there are known only
several experiments with a single superconducting qubits in
1D open space [8–15] and one experiment with two transmon-
type qubits in a waveguide. [16].
For solid-state quantum information processing it is inter-
esting to study 1D waveguide systems having more than just
one qubit. A key point here is whether the multi-qubit system
could display a long lived entanglement necessary for imple-
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mentation of quantum algorithms. The entanglement is also
necessary for quantum error correction which requires at least
three qubits in the chain[17].
Such multi-qubit systems exhibit, in general, non Marko-
vian behavior: the interaction between qubits is not instanta-
neous, hence, the retardation effects have to be included. The
manifestation of these effects is that the resonances (energies
and their widths) of the qubit system become dependent on
the frequency of incident photon. In this case a master equa-
tion for the density matrix ρ of the qubits cannot be written
in Lindblad form. A Markovian approximation corresponds
to long wavelength limit, kd << 1, where k is photon wave
vector, d is a distance between neighbor qubits. In this case we
may neglect the retardation effects and assume that the qubits
interact instantaneously.
Recent experiments with superconducting qubits showed
that the photon mediated interaction between distant qubits
can lead to the creation of two-qubit [16, 18] and multi-qubit
entanglement[19–21].
Theoretical calculations of microwaves transmission in 1D
open waveguide with a qubit placed inside are being per-
formed in a configuration space [22–26] or by the input- out-
put formalism [27, 28]. These methods are physically sound
but they become very cumbersome if we try to find solutions
for several or more qubits in a waveguide. While the trans-
mission for a single two level atom in 1D open waveguide has
long been known [22, 23], the analytical expressions for the
transmissions for two qubits and for symmetrical arrangement
of three identical qubits have been published quite recently
[24, 26].
For N identical equally spaced qubits the transmission can
be found analytically with the help of the method borrowed
from the physics of crystals with translational symmetry [29].
However, in general, for N non identical randomly spaced
qubits a simple analytical procedure does not exist.
In the present paper we propose a matrix formalism for
the study of a one- photon transport in 1D open waveguide
filled, in general, with a number of not identical and arbitrary
2spaced artificial atoms. Similar idea has been suggested for
the study of photon transport in the coupled resonator opti-
cal waveguides [30]. Our approach is based on the projec-
tion operators formalism and the method of the effective non-
Hermitian Hamiltonian which are the powerful tools to deal
with a Lippman-Shwinger scattering problem. It is different
from usual resolvent method of solving Lippmann-Schwinger
equation which was demonstrated for two qubits in [31].
The method we use here has originally been developed for
the description of nuclear reactions [32, 33] with many later
applications for different open mesoscopic systems ranging
from universal conductance fluctuations [34] to electron trans-
port through 1D solid state nanostructures [35, 36](see review
paper [37] and references therein).
For general N qubit case our technique allows us to easily
include the cases of non identical qubits and/or with unequal
spacing when the translation symmetry is absent. It is very
important for artificial atoms with inevitable technological
spreading of parameters with the possible individual tuning
of qubit resonance energies. Additionally, a direct exchange
interaction between nearest neighbor qubits can be easily in-
corporated into the scheme of this technique. The influence
of this interaction between two and N superconducting flux
qubits on the photon transmission and entanglement has been
studied in the papers[38–40].
With the aid of our technique we study in detail the one-
photon microwave transport for one, two and three qubits
imbedded in a waveguide. We considered in detail the res-
onances and photon mediated entanglement for two and three
qubits in a chain. We show that for N identical qubits in
the long-wavelength limit a coherent superradiance state is
formed with the width being equal to the sum of the widths
of spontaneous transitions of N individual qubits.
The paper is organized as follows. In the Section II we de-
fine the model Hamiltonian ofN noninteracting qubits imbed-
ded in a microwave resonator. In Section III we describe
in detail a projection formalism and effective non-Hermitian
Hamiltonian approach in application to the photon transport
in 1D waveguide. The application of the model Hamiltonian
to the derivation of the general expressions for the transmis-
sion and reflection coefficients for N qubits in a waveguide
is performed in the Section IV. The Section V is devoted to
a detailed investigation of the microwave transport for one,
two, and three qubits in a waveguide. In this section we give
not only the analytical expressions for the transmission and
reflection factors for two and three qubits in general case, but
we investigate in detail the energy spectrum of these systems
and their resonances in non Markovian case, which is auto-
matically included in our theory, since the quantity kd explic-
itly enters the analytical expressions. We also study a photon
mediated entanglement for two and three qubit systems. The
results of this section are important for three qubits experi-
ments, since to our knowledge there are no 1D open space
experiments with three qubits in a waveguide. In the conclu-
sion to this section we briefly analyze the general case of N
qubits.
II. THE MODEL HAMILTONIAN
We consider a microwave 1D waveguide resonator with N
qubits imbedded at the fixed positions xi. The Hamiltonian of
the system reads:
H = Hph +Hqb +Hint (1)
where
Hph =
∑
k
~ωka
+
k ak (2)
is the Hamiltonian of photon field,
Hqb =
∑N
i=1
Hiqb (3)
is the Hamiltonian of N noninteracting qubits, where
Hiqb =
1
2
~Ωiσ
(i)
z (4)
is the Hamiltonian of the individual i-th qubit with the excita-
tion frequency Ωi.
The interaction of the qubit chain with the photon field is
given by Hamiltonian:
Hint =
∑
k
∑N
i=1
λi(a
+
k e
−ikxi + ake
ikxi)σ(i)x (5)
where λi is the qubit-photon interaction strength, xi are the
qubit positions relative to the waveguide center, x0 = 0.
III. PROJECTION FORMALISM AND EFFECTIVE
NON-HERMITIAN HAMILTONIAN
1. Projection operators formalism from the formal point of view
As the projection operators formalism and effective non-
Hermitian Hamiltonian approach are not common in the field
of quantum optics, here we briefly describe the essence of this
method omitting its rigorous justification which can be found
in the corresponding literature (see review paper [37] and ref-
erences therein).
It is always possible to formally subdivide the Hilbert space
of a quantum system with the Hermitian Hamiltonian H into
two arbitrarily selected orthogonal projectors,P andQ, which
satisfy the properties of completeness
1 = P +Q (6)
and orthogonality
PQ = QP = 0 (7)
From (6) and (7) it also follows:
PP = P, QQ = Q (8)
3With the help of the completeness (6) we can divide the
solution of the stationary Schro¨dinger equation,
HΨ = EΨ (9)
in two parts,
Ψ ≡ PΨ+QΨ ≡ ΨP +ΨQ (10)
and rewrite (9) in the following form:
(P +Q)H(P +Q)(ΨP +ΨQ) = E(ΨP +ΨQ) (11)
Since, in virtue of (7), PΨQ=0, QΨP = 0 we rewrite (11) as
follows
(HPP +HQP )ΨP +(HQQ+HPQ)ΨQ = E(ΨP +ΨQ)
(12)
where
HQQ = QHQ,HPP = PHP,HQP = QHP,HPQ = PHQ
The equation (12) is equivalent to the Schro¨dinger equation
(9).
Multiplying (12) from the left by projectors P and Q we
obtain two coupled equations for ΨP and ΨQ:
(HPP − E)ΨP = −HPQΨQ (13)
(HQQ − E)ΨQ = −HQPΨP (14)
If we eliminate from (13) or (14) one subspace of states, we
can obtain an equation for a part of the wave function (10).
For example, if we eliminate from (13) the P -subspace, the
equation for the wave function in Q- subspace takes the form
Heff (E)ΨQ = EΨQ (15)
where the energy dependent effective Hamiltonian
Heff (E) = HQQ +HQP
1
E −HPP HPQ (16)
projects Hilbert space on the Q subspace.
The second term in (16) describes multiple excursions to
the class P with return to the class Q.
It should be noted that while the energy E in (15) is the
same as in Schro¨dinger equation (9), the equation (15) is not
equivalent to (9): the effective Hamiltonian (16) is energy de-
pendent , so that the eigenvalue E enters this equation in a
complex way, and wavefunction ΨQ is not egenfunction for
E, however it can be written as a linear superposition of the
state vectors from Q- subspace.
2. Application to the scattering problem
Keeping in mind the scattering problem we assume that Q
subspace consists of discrete states, and P subspace consists
of the states from continuum, however, it may also contain
the discrete states. We also assume that Hamiltonian HPP
is diagonal in subspace P. In order to avoid the singularities
emerging when HPP has eigenvalues at real energy E, it has
to be considered as a limiting value from the upper half of
the complex energy plane, E+ = E + iε. With this rule,
those states of subspace Q which will turn out to be coupled
to the states in subspace P will acquire the outgoing waves
and become unstable. Then, for this scattering problem the
effective Hamiltonian (16) becomes non Hermitian and has to
be written as follows:
Heff (E) = HQQ +HQP
1
E −HPP + iεHPQ (17)
In this case the equation (15) defines the resonance energies of
the Q- system which lie in the low half of the complex energy
plane, E = E˜− i~Γ˜ and are given by the roots of the equation
det (E−Heff ) = 0 (18)
The imaginary part Γ˜ of the resonances describes the decay of
Q- states due to their interaction with P - states.
In the framework of projection formalism we can find from
(13), (14) the wavefunction of the whole system Ψ, a solution
of Shro¨dinger equation (9), in terms of the operator which acts
on the initial state, |in〉, which contains continuum variables
and satisfies the equation HPP |in〉 = E|in〉, where E is the
same as in (9). Then, the formal solution of (13) can be ex-
pressed in the following form
ΨP = |in〉+ 1
E −HPP + iεHPQΨQ (19)
Substituting this expression in r.h.s. of (14) we obtain
ΨQ =
1
E −Heff HQP |in〉 (20)
where Heff is given by its non Hermitian form (17). As a
final step, we substitute ΨQ from (20) into r.h.s. of (19) and
combine these two equations to obtain the expression for the
state vector of the Shro¨dinger wavefunction Ψ [41]
|Ψ〉 = |in〉+ 1
E −HeffHQP |in〉
+
1
E −HPP + iεHPQ
1
E −HeffHQP |in〉 (21)
In fact, this expression is nothing more than a decomposition
(10). The last term in (21) is the part of ΨP , which describes
to all orders of HQP the evolution of initial state |in〉 under
the interaction between P and Q subspaces.
3. One photon scattering
In the one photon approximation there are two possibil-
ities: either one photon is in the waveguide in the state
|1k〉 ≡ |k〉 and all qubits are in their ground states |gi〉 with
4a corresponding state vector |g1, g2.........gN , k〉, or no pho-
tons in the waveguide, |0k〉 ≡ |0〉, with i-th qubit being
excited and N − 1 qubits being in their ground states. In
this case the system is described by N vectors of the type
|g1, ..gi−1, ei, gi+1, ...gN , 0〉.
In order to simplify the notations we will use throughout
the paper the following concise forms for state vectors:
|k〉 ≡ |g1, g2.........gN , k〉 (22)
|n〉 ≡ |g1, ..gn−1, en, gn+1, ...gN , 0〉 (23)
with the orthogonality relations
〈n|m〉 = δnm
〈n|k〉 = 0
〈k|k′〉 = 2pi
L
δ(k − k′),
where L is the waveguide length.
In these notations the initial state is just the state (22)
(|in〉 ≡ |k〉) with the energy
E ≡ Ek = ~ωk − ~
2
N∑
i=1
Ωi (24)
where ωk is the frequency of incident photon.
Hence we take the projection operators as follows:
P =
∑
k
|k〉 〈k| = L
2pi
+∞∫
−∞
dk |k〉 〈k| (25)
Q =
N∑
n=1
|n〉 〈n| (26)
Then the matrix elements of the effective Hamiltonian (17)
in subspace Q can be written as
〈m|Heff |n〉 = 〈m|H |n〉+
L
2pi
+∞∫
−∞
dq
〈m|HQP |q〉 〈q|HPQ |n〉
Ek − Eq + iε (27)
In the basis of Q- subspace vectors the full wavefunction
(21) can be written as
|Ψ〉 = |k〉+
N∑
n,m=1
|n〉Rn,m 〈m|HQP |k〉+
L
2pi
N∑
n,m=1
∫
dq |q〉Ek−Eq+iε 〈q|HPQ |n〉Rn,m 〈m|HQP |k〉
(28)
where Rm,n is the matrix inverse of the matrix 〈m(E −
Heff )|n〉:
Rm,n = 〈m| 1
Ek −Heff |n〉 (29)
The second term in (28) is the wavefunction ΨQ of a qubit
system modified by its interaction with a photon field:
ΨQ =
N∑
n,m=1
|n〉Rn,m 〈m|HQP |k〉 (30)
In more general context the expression (30) describes the en-
tanglement between qubits due to their interaction with a pho-
ton field.
From (30) we can also find the probability for the n- th
qubit to be in excited state:
〈n|ΨQ〉 =
N∑
m=1
Rn,m 〈m|HQP |k〉 (31)
The photon wavefunction in configuration space is ob-
tained by multiplying (28) from the left by the vector 〈x| ≡
〈x, gN , gN−1, .....g1|:
ΨN (x) = 〈x|Ψ〉 = eikx+
L
2pi
N∑
n,m=1
∫
dq e
iqx
Ek−Eq+iε
〈q|HPQ |n〉Rn,m 〈m|HQP |k〉
(32)
where we have used the definitions 〈x|k〉 = eikx and 〈x|n〉 =
0.
The wavefunction (32) is a superposition of the incident
wave and the wave which results from the virtual transitions
between qubits and photon field in the resonator. We will see
below that this superposition leads to the destructive interfer-
ence when the frequency of incident photon is equal to the
excitation frequency of any qubit. In this case the transmitted
signal outside the qubit array is equal to zero.
IV. THE APPLICATION OF PROJECTION FORMALISM
TO THE MODEL HAMILTONIAN
Here we apply the model Hamiltonian (1) from the Section
II to the general expressions found in Section III. First we cal-
culate the matrix elements of the effective Hamiltonian (27).
The first term in rhs of (27) reads:
〈m|H |n〉 = εmδm,n (33)
where
εm =
1
2
~
Ωm − N∑
n6=m
Ωn
 (34)
It is also not difficult to calculate the matrix elements in rhs of
equation (27):
〈m|HQP |k〉 = λm exp(ikxm) (35)
5Then, the the second term in rhs of (27) can be written as(
λmλnL
2pi
)
J(xm, xn) (36)
where
J(xm, xn) =
+∞∫
−∞
dq
exp(iq(xm − xn))
Ek − Eq + iε (37)
It is shown in the Appendix that
J(xm, xn) = − 2ipi
~vg
eik|dmn| (38)
where dmn = xm − xn, and k is related to the physical fre-
quencyω of incident photon, k = ω/vg, where vg is the group
velocity of the photon wave in a waveguide.
Finally, the effective Hamiltonian (27) can be written as fol-
lows
〈m|Heff |n〉 = εmδm,n − i~(ΓmΓn)1/2eik|dmn| (39)
where we define the halfwidth of spontaneous emission
Γm =
Lλ2m
~2vg
(40)
Throughout the paper we will use Γ for the halfwidth of
resonance line.
The photon wavefunction (32) for our model follows from
(35) and (38):
ΨN(x) = e
ikx − i~
N∑
m,n=1
(ΓmΓn)
1/2eikxmRm,ne
ik|x−xn|
(41)
where the matrix Rm,n is defined in (refRmn).
Finally, for our model we write down the qubits’ wavefunc-
tion ΨQ and the probability for the n-th qubit to be in excited
state:
ΨQ =
N∑
n,m=1
|n〉λmRn,meikxm (42)
〈n|ΨQ〉 =
N∑
m=1
λmRn,me
ikxm (43)
We assume that all qubits are arranged in the array from left
to right, so that x1 is the position of the qubit at the left end
of the array and xN is the qibut’s position at its right end. In
this case the photon wavefunction (41) outside the array can
be written as:
ΨN(x) =
{
tNe
ikx (x > xN )
eikx + rNe
−ikx (x < x1)
(44)
where the transmission and reflection coefficients are as fol-
lows
tN = 1− i~
N∑
m,n=1
(ΓmΓn)
1/2eikxmRm,ne
−ikxn (45)
rN = −i~
N∑
m,n=1
(ΓmΓn)
1/2eikxmRm,ne
ikxn (46)
The conservation of the energy flux requires the additional
condition for t and r:
|tN |2 + |rN |2 = 1 (47)
The expressions (45) and (46) are of general nature and they
form the basis for the calculation of microwave transmission
and reflection in particular cases.
V. TRANSMISSION, REFLECTION, AND PHOTON
MEDIATED INTERACTIONS IN THE QUBIT SYSTEM
A. One qubit in a waveguide
In this case, in subspace Q there is the only vector |1〉. We
also assume that the qubit is located at the point x = 0. From
(45) and (46) we obtain:
t1 = 1− i~ΓR11
r1 = −i~ΓR11
where
R11 = 〈1| 1
E −Heff |1〉 =
1
E − 〈1|Heff |1〉 (48)
The running energyE in (48) is the energy of incident pho-
ton plus the energy of the qubit in the ground state, E =
~ω − ~Ω/2. From (39) we also have:
〈1|Heff |1〉 = ~Ω
2
− i~Γ
Hence, for t and r we finally obtain:
t1 =
ω − Ω
ω − Ω+ iΓ (49)
r1 =
−iΓ
ω − Ω+ iΓ (50)
The plots of microwave transmission and reflection are shown
in Fig.1. At resonance the signal transmission is zero.
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FIG. 1: Color online. Transmittance T = |t|2 and reflectance R =
|r|2 as functions of ω/Ω for one qubit in a waveguide. The width of
resonance is 2Γ.
The expressions (49), (50) coincide with those obtained in
[23] where one qubit problem has been solved in a configura-
tion space.
From (49) and (50) we see that t−r = 1. Unlike the general
condition (47) it is valid only for one qubit and reflects the
continuity of the wavefunction (44) at the point x = 0.
The probability for the qubit to be excited is given by (43)
with n = 1:
〈1|ΨQ〉 = λR11 = λ
~
1
ω − Ω + iΓ (51)
B. Two qubits in a waveguide
1. Spectral properties of effective Hamiltonian
Here we consider the first nontrivial example that exhibits
superradiant transition: the two noninteracting qubits in a
waveguide . The qubits are positioned at the points x1 =
−d/2 and x2 = +d/2, respectively, with a distance d be-
tween them. The Q- subspace is formed by two state vectors
|1〉 ≡ |e1, g2, 0〉 and |2〉 ≡ |g1, e2, 0〉. According to (39) the
matrix of effective Hamiltonian is as follows:
Heff =
(
ε− i~Γ1 −i~
√
Γ1Γ2e
ikd
−i~√Γ1Γ2eikd −ε− i~Γ2
)
(52)
where ε = ~2 (Ω1 − Ω2), and Γi, (i = 1, 2) are defined in(40).
From the matrix (52) we can find the complex energies
of the Q- system from the equation (18), where E = ~ω˜ −
~
2 (Ω1 + Ω2). For two qubit case the equation (18) gives two
poles in the complex ω˜ plane as the function of physical fre-
quency ω.
ω˜ =
Ω1 +Ω2
2
− iΓ1 + Γ2
2
±√
1
4
(Ω1 − Ω2 + i[Γ2 − Γ1])2 − Γ1Γ2e2ikd (53)
FIG. 2: The relation between real and imaginary part of the roots in
the complex ω˜ plane. For every kd there are two roots which lie on
the circle at the opposite points
From this expression it follows that the positions of reso-
nances and their widths depend on the frequency ω of inci-
dent photon (k = ω/vg). This is a common feature of non
Markovian behavior if the number of qubits is more than one.
For identical noninteracting qubits Ω1 = Ω2 = Ω, Γ1 =
Γ2 = Γ we obtain from (53)
ω˜ = Ω− iΓ± iΓeikd (54)
In the complex ω˜ plane the roots are as follows
Reω˜ ≡ E˜ = Ω∓ Γ sin kd (55)
Imω˜ ≡ Γ˜ = −Γ (1∓ cos kd) (56)
From (55) and (56) we obtain the relation between the real
and imaginary part of the roots(
E˜ − Ω
)2
+
(
Γ˜ + Γ
)2
= Γ2 (57)
It is remarkable that this relation does not depend on the k,
i. e., on the running frequency ω. In the plane (Γ˜, E˜) all
solutions of eq. (57) lie at the circle centered in the point
−Γ,Ω with radius equal to Γ. In the long wavelength limit
(kd << 1) we obtain from (54) two poles
ω˜+ = Ω+ Γ
ω
vg
d− i2Γ
ω˜− = Ω− Γ ω
vg
We see that in this approximation one of the states absorbs
the width of two qubits. With the increase of Γ two states
repel each other. This is also holds if kd is integer multiple of
pi: one state becomes stationary while the width of the other
state is 2Γ. However, this case is valid only for particular
values of the running frequency ωn = pinvg/d, (n = 1, 2...).
2. Calculation of microwave transmission
In order to find transmission and reflection factors t and r,
it is necessary to calculate the matrix Rm,n, (m,n = 1, 2)
7which is the inverse of the matrix (E −Heff )m,n, where the
physical energy E = ~ω − ~(Ω1 + Ω2)/2, and the elements
of the matrix (Heff )m,n are given in (52). Direct calculations
yield for Rm,n the following result:
Rm,n =
1
~D2(ω)
(
ω − Ω2 + iΓ2 −i
√
Γ1Γ2e
ikd
−i√Γ1Γ2eikd ω − Ω1 + iΓ1
)
(58)
where
D2(ω) = [ω − Ω2 + iΓ2] [ω − Ω1 + iΓ1]+Γ1Γ2ei2kd (59)
Finally, according to prescriptions in (45) and (46) we ob-
tain t and r in terms of running frequency ω:
t2 =
(ω − Ω1)(ω − Ω2)
[ω − Ω2 + iΓ2] [ω − Ω1 + iΓ1] + Γ1Γ2e2ikd (60)
r2 = −i
{
eikdΓ1 [ω − Ω2 − iΓ2] + e−ikdΓ2 [ω − Ω1 + iΓ1]
}
[ω − Ω2 + iΓ2] [ω − Ω1 + iΓ1] + Γ1Γ2e2ikd
(61)
For identical qubits we obtain from (60), (61):
t2 =
(ω − Ω)2
Did2 (ω)
(62)
r2 = −i2Γ[(ω − Ω) cos kd+ Γ sinkd]
Did2 (ω)
(63)
where
Did2 (ω) = (ω − Ω+ iΓ)2 + Γ2e2ikd (64)
As is seen from these expressions the form of the transmis-
sion and reflection spectra depend on the inter qubit distance
d. In the long wavelength limit we obtain from (62) and (63):
t2 =
ω − Ω
ω − Ω + i2Γ (65)
r2 =
−i2Γ
ω − Ω + i2Γ (66)
The expressions (65), (66) are identical to the one qubit case
(49), (50) with the only exception. For two identical qubits the
resonance width is twice the resonance width for one qubit,
which is clear signature of superradiance transition which cor-
responds to a coherent symmetric superposition (ΨQ)S =
a (|1〉+ |2〉), whete the quantity a is given in the next sub-
section.
Below we show several plots of transmission and reflection
amplitudes for different values of k0d, where k0 = Ω/vg .
The plots are calculated for two identical qubits from (62) and
(63). The points of the full transmission corresponds to ze-
ros of the numerator of the expression (63). Hence, the full
transmission is observed at the points where the reflection is
exactly equal to zero.
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FIG. 3: Color online. The dependence of transmission (black) and
reflection (red) amplitudes on the frequency of incident photon, ω/Ω
for different values of k0d for two identical qubits.
3. Photon mediated entanglement of two qubits
For two qubits the structure of the function ΨQ (42) within
a subspace of qubit states |1〉 and |2〉 is a linear superposi-
tion of the two two-qubit states ΨQ = a |1〉+ b |2〉, where, in
general, a and b depend on the physical frequency ω. For
two identical qubits we obtain a general expression which
describes the frequency dependent entanglement of two two-
qubit states:
ΨQ =
λeikd/2
Did2 (ω)
(
[(ω − Ω+ iΓ)e−ikd − iΓeikd]|1〉
+ (ω − Ω)|2〉) (67)
In the long wavelength limit kd << 1 the maximally entan-
gled superradiant state which corresponds to a coherent sym-
metric superposition is formed:
(ΨQ)S =
λ
ω − Ω+ 2iΓ (|1〉+ |2〉) (68)
The transmission and reflection in this case are given by the
expressions (65) and (66). The resonance line of superradiant
state is directly given as the line of reflection factor (66).
However, for arbitrary values of kd maximally entangled
states are formed only for particular values of the frequency
ω. For example, if kd ≡ ωd/vg = npi (n = 1, 2, ...) we obtain
from (67) the expression
ΨQ =
λin
ωn − Ω+ 2iΓ [(−1)
n|1〉+ |2〉] (69)
where ωn = npivg/d.
For on resonant excitation (ω = Ω) and k0d 6= npi,
where k0 = Ω/vg we get from (67) unentangled state ΨQ =
8i (λ/Γ) e−ik0d/2|1〉. In this case we observe a full reflection
with only the first qubit being excited.
4. Resonances in two- qubit system
As it follows from the results of subsection III 2 the reso-
nances (their energies and widths) in multi-qubit system are
given by the roots of equation (18). The widths of these res-
onances define, in general, the decay rates of the qubit wave-
function ΨQ (30).
For two qubits these roots, which are labelled below as
ω˜1, ω˜2, are given in (53). The denominator (59) can then
be written as D2(ω) = [ω − ω˜1(ω)] [ω − ω˜2(ω))]. Hence,
the resonance frequencies of the incident photon are given by
the roots of, in general, nonlinear equations ω = Re[ω˜1(ω)],
ω = Re[ω˜2(ω)]. These equations imply that the resonance
energies Re[ω˜1(ω)], Re[ω˜2(ω)] (and their widths Im[ω˜1(ω)],
Im[ω˜2(ω)]) depend on the frequency of incident photon,
which comes in (53) via the the wave vector k = ω/vg. This is
a general feature of non Markovian behavior when the photon
mediated interaction between qubits is not instantaneous and
the retardation effects have to be included. In our method the
retardation effects are automatically included since the quan-
tity kd explicitly enters the expressions for the transmission
and reflection factors. Markovian case corresponds to long
wavelength limit, kd << 1 when the propagation time of
photons between the qubits can be neglected and, hence, the
qubits interact instantaneously.
It is important that the resonance widths are directly related
to the lifetime of qubit superposition state (67) since they de-
fine the poles of denominator Did2 (ω) in the low half of the
complex energy plane.
Below we discuss the experimental detection of resonance
frequencies and their widths. One of the way is to Fourier
transform the data collected in photon-photon correlation
measurements [26]. However, the experiments of this type
demand serious attention to optimizing both the measuring
system and experimental conditions. Here we suggest to ex-
tract resonance parameters from directly measured transmis-
sion data. As an example we consider here two identical
qubits.
The resonance structure of transmission (62) and reflection
(63) is masked by the frequency dependence of their numera-
tors. This obstacle can be overcome by appropriate processing
of the output transmission data. In order the resonance peaks
to reveal themselves we propose to divide the transmission
(62) by the factor [(ω − Ω)/Ω]2. Thus, we analyze the spec-
tral function S(ω), which contains pure resonance structure:
S(ω) =
Ω2
(ω − Ω + iΓ)2 + Γ2e2iωΩk0d (70)
The plot of S(ω) which exhibits two peaks corresponding
to solutions of two equations (see (55))
ω = Ω± Γ sin
(ω
Ω
k0d
)
(71)
is shown together with transmission at Fig.4 for k0d =
pi/2,Γ/Ω = 0.2.
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FIG. 4: Color online. Frequency dependence of the transmission (left
axis, black line) and spectral function (right axis, green line)for two
identical qubits. k0d = pi/2,Γ/Ω = 0.2.
We notice that the positions of these peaks at the frequency
axis do not coincide with the points of the full transmission.
The latter points are located exactly where the reflection is
zero. This is well illustrated in Fig.5 and Fig.6 where the
transmission pattern and corresponding resonance spectrum
are shown for k0d = 5.5pi,Γ/Ω = 0.2.
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FIG. 5: Color online. Transmission pattern for two identical qubits.
k0d = 5.5pi,Γ/Ω = 0.2.
The transmission pattern exhibits 12 points of the
full transmission within the range of the frequency
axis while there are only six resonances at the fre-
quencies which are given by the roots of equation
(71): ω/Ω = 0.805, 0.866, 0.929, 1.070, 1, 133, 1.194
with the corresponding widths Γ˜/Ω =
−0.155,−0.349,−0.013,−0.013,−0.349,−0.155 Only
four resonances which are sufficiently close to real axis
are visible in Fig. 6. It is worth noting that there are two
resonances with the widths being much smaller the width of
individual qubit. Hence, for k0d = 5.5pi these two resonances
give the smallest decay rates for two-qubit superposition state
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FIG. 6: Color online. Frequency dependence of the spectral function
for two identical qubits. k0d = 5.5pi,Γ/Ω = 0.2. The y-axis is in
log scale
(67).
We may conclude that as the distance between qubits, d is
increased at fixed Γ, a number of the roots of (71), which for
small Γ’s lie in the narrow range Ω ± Γ, is also increased,
being approximately equal to k0d/pi, while the widths of cor-
responding peaks are decreased. The latter effect is a direct
manifestation of non Markovian behavior.
5. Photon wave function for two qubits in a waveguide
Photon wave function for two qubits is calculated from (41)
with x1 = −d/2, x2 = +d/2 and the matrix Rm,n from (58).
Outside the qubit array x > d/2, x < −d/2 the wavefunction
is given by (44) with t and r from (60) and (61). Below we
write the photon wavefunction for two qubits in the interme-
diate region (−d/2 < x < +d/2):
Ψ2(x) =
(ω − Ω1)
D2(ω)
(
eikx(ω − Ω2 + iΓ2)− iΓ2eikde−ikx
)
(72)
It can easily be verified that the wavefunctions (44) and (72)
are continuous at the points x = ±d/2. At resonance with the
first qubit (ω = Ω1) photon is reflected from the first qubit
and does not penetrate in the inter qubit region x > −d/2.
However, at resonance with the second qubit (ω = Ω2) the
wave function Ψ2(x) 6= 0 at inter qubit region −d/2 < x <
d/2, but Ψ2(d/2) = 0 as it follows from continuity condition.
From (43) we calculate the probability amplitude for the
first or second qubit to be excited.
〈1|ΨQ〉 = e
−ikd/2
~D2(ω)
[
λ1 (ω − Ω2 + iΓ2)− iλ2
√
Γ1Γ2e
2ikd
]
(73)
〈2|ΨQ〉 = e
ikd/2
~D2(ω)
[
λ2 (ω − Ω1 + iΓ1)− iλ1
√
Γ1Γ2
]
(74)
From the definition of Γ (40) we may rewrite (74) as:
〈2|ΨQ〉 = e
ikd/2
~D2(ω)
[λ2 (ω − Ω1)]
Hence, if the photon is in resonance with the first qubit,
the second qubit remains unexcited. If the photon is in reso-
nance with the second qubit, the first qubit is unexcited only
if Ω2d/vg = pi.
C. Three qubits in a waveguide
1. Spectral properties of effective Hamiltonian
Here we consider three noninteracting qubits in a waveg-
uide . The qubits are positioned at the points x1 = −d,
x2 = +d and x3 = 0, respectively, with a distance d be-
tween adjacent qubits. The Q- subspace is formed by three
state vectors |1〉 ≡ |e1, g2, g3, 0〉, |2〉 ≡ |g1, e2, g3, 0〉 and
|3〉 ≡ |g1, g2, e3, 0〉. The states |1〉 and |2〉 correspond to
qubits located at the points x = ±d, respectively. The state
|3〉 is for the qubit placed at the point x = 0. The P -subspace
is formed by the vectors |k〉 ≡ |g1, g2, g3, k〉. According to
(39) the matrix of effective Hamiltonian is as follows:
Heff =
 ε1 − i~Γ1 −i~√Γ1Γ2e2ikd −i~√Γ1Γ3eikd−i~√Γ1Γ2e2ikd ε2 − i~Γ2 −i~√Γ2Γ3eikd
−i~√Γ1Γ3eikd −i~
√
Γ2Γ3e
ikd ε3 − i~Γ3

(75)
where εi and Γi, (i = 1, 2, 3) are defined in (34) and (40),
respectively.
The roots of this Hamiltonian in the complex frequency
plane are defined by the equation
det
(
ω˜ − 1
2
(Ω1 +Ω2 +Ω3)−Heff/~
)
= 0
that can be expressed as:
(ω˜ − Ω1 + iΓ1) (ω˜ − Ω2 + iΓ2) (ω˜ − Ω3 + iΓ3)
+ (ω˜ − Ω1 + iΓ1) Γ2Γ3e2ikd + (ω˜ − Ω2 + iΓ2) Γ1Γ3e2ikd
+(ω˜ − Ω3 − iΓ3) Γ1Γ2e4ikd = 0
(76)
We note that in general the energies and the widths of reso-
nances depend on the physical frequency ω (k = ω/vg).
For identical qubits (Ω1 = Ω2 = Ω3 ≡ Ω, Γ1 = Γ2 =
Γ3 ≡ Γ) we obtain from (76)
(ω˜ − Ω+ iΓ)3 + 2 (ω˜ − Ω+ iΓ)Γ2e2ikd
+(ω˜ − Ω− iΓ)Γ2e4ikd = 0 (77)
In the long wavelength limit we find from (77)
(ω˜ − Ω)3 + 3iΓ(ω˜ − Ω)2 = 0
which gives two resonances with null width and one reso-
nance which absorbs the widths of all three qubits:
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ω˜1,2 = Ω; ω˜3 = Ω− 3iΓ
We obtain the same result if the running frequencyω in (77)
corresponds to kd = npi, (n = 1, 2....).
The kd- dependence of real and imaginary part of three
complex roots of equation (77), ω˜ = Reω˜ − iΓ˜, is shown in
Fig.7, where x = (Reω˜−Ω)/Γ, y = (Γ˜−Γ)/Γ. In 3D space
(x, y, z = kd) three lines of the roots are wound with a vari-
able step onto a cylindrical surface which has two radii, Γ and
3Γ/2. So that, in the projection to x, y plane these roots form
two circles as shown in Fig.8. Every point on these circles is
merged from black and red points of Fig. 7, which belong to
the same root.
FIG. 7: Color online. The kd- dependence of real (a) and imaginary
(b) part of three complex roots of equation (77), ω˜ = Reω˜ − iΓ˜,
where x = (Reω˜ − Ω)/Γ, y = (Γ˜ − Γ)/Γ. The line numbers
correspond to real and imaginary parts of three roots of Eq.77.
2. Transmission and reflection spectra for three qubits in a
waveguide
Transmission and reflection factors are calculated from (45)
and (46), wherem,n = 1, 2, 3 andRmn is given in Appendix.
In the frequency picture with E = ~ω − ~(Ω1 +Ω2 +Ω3)/2
we obtain for three qubits t and r the following expressions:
t3 =
(ω − Ω1)(ω − Ω2)(ω − Ω3)
D3 (ω)
(78)
r3 = −i G(ω)
D3(ω)
(79)
FIG. 8: The projection of the three roots of Eq. 77 to x, y plane,
where x = (Reω˜ − Ω)/Γ, y = (Γ˜ − Γ)/Γ. Every point on this
graph are merged from black and red points of Fig. 7, which belong
to the same root.
where
D3(ω) = (ω − Ω1 + iΓ1) (ω − Ω2 + iΓ2) (ω − Ω3 + iΓ3)
+ (ω − Ω1 + iΓ1) Γ2Γ3e2ikd + (ω − Ω2 + iΓ2) Γ1Γ3e2ikd
+(ω − Ω3 − iΓ3) Γ1Γ2e4ikd
(80)
G(ω) = Γ1(ω − Ω2 + iΓ2)(ω − Ω3 + iΓ3)e−2ikd
+Γ2(ω − Ω1 + iΓ1)(ω − Ω3 + iΓ3)e2ikd
+Γ3(ω − Ω1)(ω − Ω2) + iΓ2Γ3(ω − Ω1)
+iΓ1Γ3(ω − Ω2)− 2iΓ1Γ3(ω − Ω2 + iΓ2)
−2iΓ1Γ2(ω − Ω3)e2ikd − 2iΓ3Γ2(ω − Ω1)e2ikd
(81)
For identical qubits we obtain
t3 =
(ω − Ω)3
Did3 (ω)
(82)
r3 = −iGid(ω)
Did3 (ω)
(83)
where Did3 (ω) is calculated in the section 2 of Appendix.
Did3 (ω) = (ω − Ω + iΓ)3 + 2 (ω − Ω+ iΓ)Γ2e2ikd
+(ω − Ω− iΓ) Γ2e4ikd (84)
Gid(ω) = 2Γ[(ω − Ω)2 − Γ2] cos 2kd+ Γ(ω − Ω)2 + 2Γ3
+4Γ2(ω − Ω) sin 2kd
(85)
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In the long wavelength limit (kd << 1) we obtain from (82)
and (83)
t3 =
ω − Ω
ω − Ω + 3iΓ (86)
r3 = − 3iΓ
ω − Ω+ 3iΓ (87)
We note that the expressions (86), (87) are valid for a
broad range of frequencies satisfying the condition kd << 1.
However, as k = ω/vg these expressions are also valid for
kd = npi, n = 1, 2, .. but only at the fixed frequencies
ωn = npivg/d.
As in the two qubits case (65), (66) the expressions (86),
(87) are similar to the ones for one qubit (49), (50) but with
the width that is three times greater.
Below we show several plots of transmission and reflection
amplitudes for different values of k0d, where k0 = Ω/vg .
The plots are calculated for three identical qubits from (82)
and (83).
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FIG. 9: Color online. The dependence of transmission (black) and
reflection (red) amplitudes on the frequency of incident photon, ω/Ω
for different values of k0d for three identical qubits.
3. Photon mediated entanglement for three qubits
Analogous to two qubit case the function of the qubit sys-
tem ΨQ (20) can be written as a linear superposition of the
three two-qubit states ΨQ = a |1〉+b |2〉+c |3〉, where, in gen-
eral, a, b, and c depend on the physical frequency ω. For three
identical qubits we obtain a general expression which de-
scribes the frequency dependent entanglement of three three-
qubit states:
ΨQ =
λ
Did3 (ω)
(
[(ω − Ω + iΓ)2e−ikd + Γ2eikd
− iΓ(ω − Ω+ iΓ)eikd − iΓ(ω − Ω− iΓ)e3ikd]|1〉
(ω − Ω)2eikd|2〉+ (ω − Ω)[ω − Ω+ iΓ(1− e2ikd)]|3〉)
(88)
In the long wavelength limit kd << 1 the maximally entan-
gled superradiant state which corresponds to a coherent sym-
metric superposition of three three-qubit states is formed:
(ΨQ)S =
λ
ω − Ω+ 3iΓ (|1〉+ |2〉+ |3〉) (89)
The transmission and reflection in this case are given by the
expressions (86) and (87). The resonance line of superradiant
state is directly given as the line of reflection factor (87).
For arbitrary values of kd maximally entangled states are
formed only for fixed values of the frequencyω. For example,
if kd ≡ ωd/vg = npi (n = 1, 2, ...) we obtain from (88) the
expression
ΨQ =
λ
ωn − Ω + 3iΓ [(−1)
n(|1〉+ |2〉) + |3〉] (90)
where ωn = npivg/d.
For on resonant excitation (ω = Ω) and k0d 6= npi,
where k0 = Ω/vg we get from (88) unentangled state ΨQ =
i (λ/Γ) eik0d|1〉. In this case we observe a full reflection with
only the first qubit being excited.
4. Resonances in three- qubit system
As in the two qubit case, the resonance frequencies in (78)
and (79) are given by three equations ω = Re[ω˜1(ω)], ω =
Re[ω˜2(ω)],ω = Re[ω˜3(ω)], where ω˜1, ω˜2 and ω˜3 are the roots
of equation (76).
The denominator (80) can then be written as D3(ω) =
[ω − ω˜1(ω)] [ω − ω˜2(ω))] [ω − ω˜3(ω))]. Hence, the reso-
nance frequencies of the incident photon are given by the
roots of, in general, nonlinear equations ω = Re[ω˜1(ω)],
ω = Re[ω˜2(ω)], ω = Re[ω˜3(ω)].
Below we consider three identical qubits. Similar to the
case of two qubits we define a spectral function by dividing
the transmission (82) by the factor [(ω − Ω)/Ω]3:
S(ω) =
Ω3
Did3 (ω)
(91)
where Did3 (ω) is given in (84).
Below we show the plots of transmission and spectral
function S(ω) which exhibits peaks corresponding to the
roots of the equations ω = Re[ω˜i(ω)](i = 1, 2, 3), where
ω˜1, ω˜2 and ω˜3 are the roots of the equation (77). The res-
onance spectrum for k0d = pi/2,Γ/Ω = 0.2 is shown at
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Fig.10. For this case there are three resonances at the fre-
quencies ω/Ω = 0.8, 1.0, 1.2 with corresponding half widths
Γ˜/Ω = −0.046,−0.40,−0.046. However, only two reso-
nances which are closest to the frequency axis (with the width
2Γ˜/Ω = 0.08), are visible in Fig.10.
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FIG. 10: Color online. Frequency dependence of the transmission
(left axis, blue line) and spectral function (right axis, green line)for
three identical qubits. k0d = pi/2,Γ/Ω = 0.2.
With the increase of the inter qubit distance d, the number
of resonances are also increased, being in the vicinity of Ω
for small Γ’s. The corresponding transmission pattern and the
resonance spectrum are shown in Fiq.11 and Fig.12 for k0d =
5.5pi,Γ/Ω = 0.2.
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FIG. 11: Color online. Transmission pattern for three identical
qubits. k0d = 5.5pi,Γ/Ω = 0.2.
In this case in the range ω/Ω = 0.6 ÷ 1.4 there are 13
resonance frequencies, ten of which are seen in Fig.12. The
two highest peaks have the half width Γ˜/Ω = 3.5× 10−3 and
Γ˜/Ω = 1.63× 10−2, respectively. We note that the widths of
some resonances, which define the decay rates of the superpo-
sition state (88), are much smaller than the width of individual
qubit.
We note that, the points of the full transition which corre-
spond to the zeros of the reflection, do not coincide with the
frequencies of the resonances. While for some frequencies
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FIG. 12: Color online. Frequency dependence of the spectral func-
tion for three identical qubits. k0d = 5.5pi,Γ/Ω = 0.2. The y-axis
is in log scale.
the corresponding values can be close to each other, in gen-
eral, many reflection zeros are out of the range of resonance
frequencies.
5. Photon wave function for three identical qubits in a waveguide
Photon wave function for three identical qubits is calculated
from (41) with the matrix Rmn defined in (A.9).
Ψ3(x) = e
ikx − i~Γeik|x−d| [eikdR11 + e−ikdR12 +R13]
−i~Γeik|x+d| [eikdR12 + e−ikdR11 +R13]
−i~Γeik|x| [eikdR13 + e−ikdR13 +R33]
(92)
Outside the qubit array x < −d and x > d the wavefunction
(92) is similar to (44), where the transmission t and reflection
r are given in (82) and (83). Inside the array we obtain
Ψ3(x) =
(ω − Ω)2
Did3 (ω)
[
eikx(ω − Ω+ iΓ)− iΓe−ikxe2ikd]
(93)
for 0 < x < d, and
Ψ3(x) =
(ω−Ω)
Did
3
(ω)
[
eikx(ω − Ω+ iΓ)2 + Γ2e2ikd
−iΓe−ikx [(ω − Ω+ iΓ) + (ω − Ω− iΓ)e2ikd]] (94)
for−d < x < 0.
Similar to the two qubit case, here at the exact resonance
(ω = Ω) the photon wavefunction does not penetrate in the
inter qubit region.
In the conclusion to this section we write the probability for
the particular qubit in the array to be in excited state. From
(43) we obtain:
〈1|ΨQ〉 = λ
~Did
3
(ω)
[
(ω − Ω + iΓ)2e−ikd
−iΓ (ω − Ω− iΓ) e3ikd −iΓ (ω − Ω+ 2iΓ) eikd]
(95)
13
〈2|ΨQ〉 = λ
~
(ω − Ω)2
Did3 (ω)
eikd (96)
〈3|ΨQ〉 = λ
~
(ω − Ω)
Did3 (ω)
[
ω − Ω+ iΓ (1− e2ikd)] (97)
We see that at resonance the first qubit only is excited. This is
consistent with the above conclusion that at resonance photon
does not penetrate beyond the first qubit.
All qubit arrays considered above have a general property:
if the photon frequency is equal to the resonance frequency of
any qubit in the chain, the transmission signal is absent. We
attributed this property to the destructive interference between
the input wave and the wave which resulted from the virtual
transitions between the qubits and the photon field in the res-
onator. However, it is not clear to what extent this property can
be attributed to uniform distribution of the qubit in the chain
with the equal distance between adjacent qubits. The simplest
system where we can check this property is the three qubit
chain. We made the calculation of the transmission for three
different qubits which are positioned at the points x1 = −d1,
x2 = +d2 and x3 = 0, respectively, with unequal distance
between adjacent qubits. It turned out that in this case the
transmission is similar to (78) with the just the same numera-
tor, but different denominator, which is given in the Appendix.
Hence, we may assume that for nonuniform qubit array the
transmission is also zero if the input photon is at resonance
with any qubit in the chain.
6. The manipulation of the photon transmission in three qubit
chain
Most of artificial atoms, which are used as qubits, can be
addressed individually, so that every qubit frequency, Ωi, in
the chain can be tuned from external source. Here we show
how this property can be used to manipulate the photon trans-
mission through a waveguide. As an example we consider
three non-identical qubits, which are positioned at the points
x1 = −d, x2 = +d and x3 = 0, respectively, with a dis-
tance d between adjacent qubits. The frequencies Ω1 and Ω2
correspond to qubits at the points x1, x2, respectively, while
Ω3 corresponds to central qubit at the point x3. In general, if
all three frequencies are different we obtain for long wave-
length (kd << 1) transmission the plot shown in Fig.13,
where for comparison the transmission for identical qubits are
also shown. The qubit frequencies are directly given by zeros
of the transmission, while two narrow nearby peaks, which lie
between qubit frequencies correspond to the full transmission.
Suppose now that the frequencies of the left and right qubit
are equal (Ω1 = Ω2 ≡ Ω) and we manipulate the frequency of
the central qubit, Ω3. Then we obtain the picture like the one
shown in Fig.14. By changing the qubit frequencyΩ3 we may
move the frequency of the transmission resonance between Ω
and Ω3 and manipulate its width. When Ω3 becomes equal to
Ω the transmission signal disappear.
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FIG. 13: Color online. Transmission for three non-identical qubits
(blue line). For comparison the transmission for identical qubits is
also shown (black line)
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FIG. 14: Color online. Transmission for three qubits, two of which
are identical. Dashed (red) line: Ω3/Ω1 = Ω3/Ω2 = 1.2. Dash-
dotted (blue) line: Ω3/Ω1 = Ω3/Ω2 = 2. For comparison the
transmission for identical qubits is also shown by solid (black) line.
D. N qubits in a waveguide
In principle the transmission and reflection for any num-
ber of qubits can be found from general expressions (45) and
(46). For a chain of N identical homogeneously distributed
two level atoms the analytical expression for the 1D transmis-
sion was found in [29]. While in general case it is not easy to
find analytical solutions for N qubits, nevertheless, from pre-
vious calculations of the transmission for one, (49), two, (60),
and three (78) qubits, we may guess the general structure of
the transmission for N qubits in a waveguide:
tN =
N∏
n=1
(ω − Ωn)
DN (ω)
(98)
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where
DN(ω) = det
(
ω − 1
2
N∑
i=1
Ωi −Heff/~
)
(99)
As for the spectral properties of the effective Hamiltonian,
we can assert that the secular equation det(E −Heff ) has N
poles in the low half plain of the complex energy. For identical
qubits in the long wavelength limit there areN−1 stable states
with ω˜ = Ω and one resonance ω˜ = Ω− iNΓ which absorbs
all the widths of individual qubits:
tN =
ω − Ω
ω − Ω + iNΓ (100)
rN = − iNΓ
ω − Ω + iNΓ (101)
VI. CONCLUSION
In this paper we develop a new technique for the investiga-
tion of the photon transport through multiple qubit array in a
1D waveguide. The technique is based on the projection oper-
ators formalism and non Hermitian approach, which is known
to be a successful tool in some fields of nuclear physics and
condensed matter. We considered in detail the one photon
transport for two and three qubits in a waveguide, and made
some conclusions for N qubit case. We showed that the in-
teraction of qubits with a photon field results in the frequency
dependent superposition of the qubit states. We investigated
in detail the resonance spectra for two and three qubits and
showed that in non Markovian case (kd >> 1) the resonance
widths, which define the decay rates of the superposition state,
can be much smaller than the decay width of individual qubit.
We also showed that in the long wavelength limit for uni-
formly distributed array of identical qubits a coherent superra-
diance state is formed with the width being equal to the sum of
the widths of spontaneous transitions of N individual qubits.
Within the framework of our method it is not difficult to ac-
count for the decay of the qubit states to the modes other than
the waveguide continuum. It can be done by simply adding an
imaginary term in the qubit energy level, Ωn → Ωn − iΓ′n.
The approach developed in the paper can be easily general-
ized to include the exchange interaction HJ between nearest
neighbor qubits:
HJ = ~
N∑
i=1
Ji
(
σi+σ
i+1
− + σ
i+1
+ σ
i
−
) (102)
For this case it is necessary to change only the matrix of ef-
fective Hamiltonian (39):
〈m|Heff |n〉 = εmδm,n + ~Jn−1δm,n−1 + ~Jnδm,n+1
− i~(ΓmΓn)1/2eik|dmn| (103)
The results obtained in the paper are of general nature and
can be applied to any type of qubits. The specific properties
of the qubit are encoded in only two parameters: the qubit
energy Ω and the rate of spontaneous emissin Γ. For example,
for a superconducting flux qubit Ω =
√
ε2 +∆2 where ε is
an external parameter which by virtue of external magnetic
flux, ΦX controls the gap between ground and excited states
[42], and the quantity ∆ is the qubit’s gap at the degeneracy
point (ε = 0). The rate of spontaneous emission Γ = g∆/Ω
[43], where g is the qubit- waveguide coupling.
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Appendix
1. The calculation of integral J(xm, xn)(37)
In (37) the energies Eq and Ek are the energies of incident
photon |q〉 (|k〉) plus the energy of N qubits in the ground
state. Hence, Eq −Ek = ~(ωq −ωk). For (37) we, therefore,
have
J(xm, xn) =
1
~
+∞∫
−∞
dk
eikdmn
ωq − ωk + iε (A.1)
The main contribution to this integral comes from the re-
gion ωk ≈ ωq. Since ωk is the even function of k, the poles of
the integrand (A.1) in the k plane are located near the points
k ≈ ±q. For an arbitrary frequency ωq that is away from the
cutoff of the dispersion, with the corresponding wave vector
±q , we approximate ωk around +q and −q as
ωk ≈ ωq + (k − q) dωk
dk
∣∣∣∣
k=+q
= ωq + (k − q)vg (A.2)
ωk ≈ ωq + (k + q) dωk
dk
∣∣∣∣
k=−q
= ωq − (k + q)vg (A.3)
Near the poles the denominator in (A.1) takes the form:
− vg(k − q) + iε (A.4)
vg(k + q) + iε (A.5)
Therefore, one pole is located in the upper half of the k plane,
k = q + iε, the other pole is located in the lower half of the k
plane, k = −q − iε. For positive dmn, when calculating the
integral (A.1) we must close the path in the upper plane. For
negative dmn the path should be closed in lower plane. Thus,
we obtain:
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J(xm, xn) = − 2pii
~vg
eik|dmn| (A.6)
2. Calculation of the R matrix for three qubits in a waveguide
The matrix Rm,n, (m,n = 1, 2, 3) is calculated as the in-
verse of the matrix (E − Heff )m,n, the elements of which
can be found from (75). The matrix Rm,n is symmetric so
that R12 = R21, R13 = R31, R23 = R32. Direct calculations
yield for Rm,n the following result:
D3(E)R11 = (E − ε2 + i~Γ2) (E − ε3 + i~Γ3)
+~2Γ2Γ3e
2ikd
D3(E)R22 = (E − ε1 + i~Γ2) (E − ε3 + i~Γ3)
+~2Γ1Γ3e
2ikd
D3(E)R33 = (E − ε2 + i~Γ2) (E − ε1 + i~Γ3)
+~2Γ1Γ2e
4ikd
D3(E)R12 = − (E − ε3 + i~Γ3) i~
√
Γ1Γ2e
2ikd
−~2√Γ1Γ2Γ3e2ikd
D3(E)R13 = − (E − ε2 + i~Γ2) i~
√
Γ1Γ3e
ikd
−~2√Γ1Γ3Γ2e3ikd
D3(E)R23 = − (E − ε1 + i~Γ1) i~
√
Γ2Γ3e
ikd
−~2√Γ2Γ3Γ1e3ikd
(A.7)
where D3(E) = det (E− Heff)mn:
D3(E) = (E − ε1 + i~Γ1) (E − ε2 + i~Γ2) (E − ε3 + i~Γ3)
+ (E − ε1 + i~Γ1) ~2Γ2Γ3e2ikd+
(E − ε2 + i~Γ2) ~2Γ1Γ3e2ikd + (E − ε3 − i~Γ3) ~2Γ1Γ2e4ikd
(A.8)
and the quantities εi(i = 1, 2, 3) are defined in (34).
At the end of this subsection we write down from (A.7) the
matrix Rm,n for three identical qubits.
~Did3 (ω)R11 = (ω − Ω + iΓ)2 + Γ2e2ikd
~Did3 (ω)R33 = (ω − Ω + iΓ)2 + Γ2e4ikd
~Did3 (ω)R12 = −iΓ (ω − Ω) e2ikd
~Did3 (ω)R13 = −iΓ (ω − Ω+ iΓ) eikd − Γ2e3ikd
R22 = R11, R23 = R13 = R31 = R32, R21 = R12
(A.9)
where
Did3 (ω) = (ω − Ω + iΓ)3 + 2Γ2 (ω − Ω + iΓ) e2ikd
+Γ2 (ω − Ω− iΓ) e4ikd
(A.10)
3. The transmission for three qubit chain with unequal
distance between each other
Here we consider three different qubits which are posi-
tioned at the points x1 = −d1, x2 = +d2 and x3 = 0, re-
spectively, with d1 6= d2. The calculations yields the result:
t3 =
(ω − Ω1)(ω − Ω2)(ω − Ω3)
F (ω)
(A.11)
where
F (ω) = U1U2U3 + iΓ1Γ2Γ3
(
e2ikd1 + e2ikd2 − e2ik(d1+d2) − 1)
+U3Γ1Γ2
(
e2ikd1+2ikd2 − 1)+ U1Γ2Γ3 (e2ikd2 − 1)
+U2Γ1Γ3
(
e2ikd1 − 1)+ iU1U2Γ3 + iU1U3Γ2 + iU2U3Γ
(A.12)
U1 = ω − Ω1; U2 = ω − Ω2; U3 = ω − Ω3
The equation (A.11) is similar to (78) with the same numer-
ator but different denominator.
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